According to the composite fermion theory, the interacting electron system at filling factor ν is equivalent to the non-interacting composite fermion system at ν * = ν/(1 − 2mν), which in turn is related to the non-interacting electron system at ν * . We show that several eigenstates of non-interacting electrons at ν * do not have any partners for interacting electrons at ν, but, upon composite fermion transformation, these states are eliminated, and the remaining states provide a good description of the spectrum at ν. We also show that the collective mode branches of incompressible states are well described as the collective modes of composite fermions. Our results suggest that, at small wave vectors, there is a single well defined collective mode for all fractional quantum Hall states. Implications for the Chern-Simons treatment of composite fermions will be discussed. 73.40.Hm,73.20.Dx Typeset using REVT E X 1
I. INTRODUCTION
Several spectacular phenomena have been observed in two-dimensional electron-systems (2DES) under the application of a strong transverse magnetic field (B). These are consequences of the formation of a new kind of particle in this system, called composite fermion (CF), which is an electron carrying an even number of vortices of the wave function [1] .
Composite fermions are formed because, in a certain range of filling factors, electrons avoid each other most efficiently by capturing an even number of vortices of the wave function and transforming into composite fermions. The residual interaction between composite fermions is weak, and they can be treated as non-interacting to a good first approximation.
The fundamental property of composite fermions is that they experience an effective field B * = B − 2mφ 0 ρ, where ρ is the 2D density of electrons, and φ 0 = hc/e is the quantum of flux. Thus, the liquid of strongly correlated electrons at B is equivalent to a gas of weakly interacting composite fermions at B * .
The wave functions of non-interacting composite fermions are constructed as follows [1] . Consider non-interacting electrons at filling factor ν * , and denote their eigenstates by Φ ν * ,n,α . (The filling factor is defined as ν = ρφ 0 /B.) The spectrum of non-interacting electrons contains bands of degenerate states separated by the cyclotron energyhω c ; n is the band index, and α labels the eigenstates within a band. To write the wave functions of non-interacting composite fermions, we attach 2m vortices to each electron by multiplying Φ by D m , where the Jastrow factor
z j = x j + iy j denotes the position of the jth electron as a complex number. To see that D attaches two vortices to each electron, fix all z j 's in D except z 1 . As z 1 is taken around in a closed loop around any other electron, the wave function gains a phase of 4π, i.e., each electron sees two vortices on every other electron. The resulting CF wave function is Φ CF ν * ,n,α = PD m Φ ν * ,n,α .
P projects the wave function onto the lowest LL of electrons to obtain states appropriate for the large B limit. We will call the process of obtaining the CF state Φ CF from a given electron state Φ (which involves multiplication by D and then projection on to the lowest LL) "composite fermion transformation".
The CF theory asserts that the eigenstates of interacting electrons, denoted by χ, are well described by the CF wave functions, i.e., χ ν,n,α = Φ CF ν * ,n,α .
The wave function of composite fermions on the right hand side of Eq. (3) describes an electron system at filling factor ν, given by
This equation can also be written in terms of a relationship between the effective magnetic field experienced by the composite fermions, B * = ρφ 0 /ν * , and the external field B = ρφ 0 /ν as:
There is another way of seing why the composite fermions experience a smaller effective magnetic field. Take a composite fermion around a loop enclosing area A. The total phase associated with this path is 2π(BA/φ 0 − 2mρA) (6) where the first term is the usual Aharonov-Bohm phase and the second term is the phase due to the vortices bound to other composite fermions inside the loop. Equating this to 2πB * A/φ 0 , the Aharonov-Bohm phase due to an effective field B * , produces Eq. (5). This further clarifies why binding of vortices to electrons leads to an effective renormalization of the magnetic field.
The principal feature of the composite fermion theory is that the strongly correlated liquid of interacting electrons at magnetic field B (or filling factor ν) resembles a gas of noninteracting composite fermions at magnetic field B * (or filling factor ν * ). The composite fermions form quasi-LL's [2] , analogous to LL's of electrons. There are strong experimental reasons to believe this scenario. To begin with, it provides a simple explanation of the origin of the FQHE [3] . IQHE of composite fermions (ν * = n) corresponds to electron filling factors ν = n/(2mn + 1). These are precisely the observed fractions [4] , demonstrating that the FQHE of electrons is simply the IQHE of composite fermions. Many properties of the system in the FQHE regime can be understood in terms of weakly interacting composite fermions: the resistance peaks for high quality samples occur half-way between two successive quasi-LL's (i.e., at ν * = n + 1/2) [5] ; the excitation gaps are successfully modeled as quasicyclotron energies of composite fermions [6] ; and the oscillations in resistance at relatively high temperature are well described in terms of Shubnikov-de Haas oscillations of composite fermions [7] . There is good evidence that the composite fermion description is also valid for the compressible state at ν = 1/2, where they see vanishing effective field, and form a quasiFermi sea, investigated by Halperin, Lee, and Read [8] . The cyclotron orbit of composite fermions for small B * has been observed in several recent experiments [9] .
There is also strong evidence for the validity of the CF theory from numerical studies on few electron systems [10] [11] [12] [13] . While these numerical calculations are limited to systems with few (6-10) electrons, they have the virtue of being exact, and thereby tell us in an unprejudiced manner how much and how far the CF theory may be trusted. In detailed numerical studies on few electron systems, it has been found that there is a low-energy band in the spectrum of interacting electrons at B, which is remarkably similar to the low-energy band of non-interacting fermions at B * , establishing the formation of composite fermions over a wide range of filling factors [10] . Furthermore, the CF wave functions, which involve no adjustable parameters, have been found to be almost identical to the exact numerical wave functions in this band. For the special case of the ground state at ν = 1/(2m + 1), the CF wave function is identical to the Laughlin wave function [14] , which had already been known to be a good representation of the exact ground state at ν = 1/(2m+1) [15, 16] . These studies provide a compelling evidence for the validity of the CF theory for the low-energy physics.
This work investigates the excited states, which are also expected to form bands from the composite fermion theory. The principal motivation is experimental. For an explanation of the FQHE, which is a low-temperature phenomenon, an understanding of the states below the gap is sufficient, but several other experiments require understanding of the higher bands. Optical recombination experiments show evidence for bands in the spectrum [17] .
Raman experiments probe the collective mode excitations of the FQHE system [18] . Another situation when the higher bands become relevant is when the gap disappears, which happens when the composite fermions fill a large number of quasi-LL's, i.e., in the limit when ν = n/(2n + 1) → 1/2, when composite fermions form a Fermi sea. Our study allows us to make some qualitative statements about the nature of the compressible state at ν = 1/2.
Another motivation for the present study is simply to explore further the formal structure of the CF theory, and determine or extend the limits of its validity. A summary of our findings is as follows. We have studied two to three bands for several systems. We find that the CF theory continues to provide a good description of these bands. However, this happens only as a result of many magical cancellations. As will be discussed below, the system of non-interacting electrons at ν * contains "too many states", but just the right number of them are eliminated in the CF transformation, and the remainder provides a good description of the spectrum of interacting electrons at ν.
II. THE SPHERICAL GEOMETRY
Our numerical calculations employ the spherical geometry [16] in which N electrons move on the surface of a sphere under the influence of a radial magnetic field. The flux through the surface of the sphere is N φ hc/e, where N φ is an integer. We consider spinless electrons confined to their lowest LL, as appropriate in the limit of large magnetic field. The total orbital angular momentum L is analogous to the wave vector of the planar geometry; larger L corresponds to larger wave vector [16] .
We summarize here some basic results about the single electron wave functions, and refer the interested reader to the Appendix and two very useful papers by Wu and Yang [19] The energy of an electron in the lth angular momentum shell is given by
where m e is the electron band mass and R is the radius of the sphere. Using the fact that the flux through the surface of the sphere is 2S flux quanta, i.e.,
the energy can be rewritten as
in units of the cyclotron energyhω c =heB/m e c. The angular momentum shells of the spherical geometry are thus analogous to the LL's of the planar geometry. The lowest (n = 1) LL is given by l = |S| shell, and the nth by the l = |S| + n − 1 shell. The degeneracy of the lowest (n = 1) LL is 2|S| + 1 and increases by two for each successive LL.
We will assume large Zeeman energy throughout this work, and will therefore work with spinless electrons. The Coulomb interaction commutes with the total angular momentum (L), which will be used to label the eigenstates. All eigenstates in a given L multiplet (i.e., states with different L z ) have the same energy. Therefore, it is sufficient to work in the subspace of smallest L z , provided it is remembered that each state in this subspace denotes a multiplet. We will usually work in the subspace L z = 0; one state in this subspace represents a multiplet of 2L + 1 degenerate states of the full Hilbert space.
The Eqs. (1) (2) (3) (4) (5) are easily generalized to spherical geometry [10, 11] : the Jastrow factor D in the spherical geometry is the square of the wave function of the lowest filled LL of spinless electrons, i.e., D = Φ 2 1 (which is also true in the planer geometry, aside from the exponential factors). We also find it more convenient to label the wave functions by S, rather than the filling factor ν or the magnetic field B, so that the Eqs. (2) and (3) are written as (suppressing some of the subscripts)
Since, for N electrons a filled LL is obtained for 2S = N − 1, the Eq. (9) leads to the following relation between S and S * :
Clearly, this reduces to Eq. (4) in the thermodynamic limit. An important feature of the CF theory is that the CF transformation conserves the total angular momentum L. Some details of how we obtain the projected CF wave functions are given in the appendix.
III. THE BAND STRUCTURE
We start by noting that there are three systems in this problem: (i) interacting electrons at S ('the χ system'); (ii) non-interacting electrons at S * = S + m(N − 1) ('the Φ system');
and (iii) non-interacting composite fermions at S * ('the Φ CF system'). We know everything about the Φ system, and would like to learn as much as possible about the χ system. As stated earlier, the Φ system contains bands of degenerate states. These bands translate into bands of the Φ CF system, and eventually into bands of the χ system. Such band structure was anticipated in Eqs. (2) and (3) in writing the subscripts. Besides predicting that there are bands in the χ system, which is already a non-trivial accomplishment (since all states are degenerate in the absence of interactions), the composite fermion theory claims that the states in each band of the χ system have a one-to-one mapping with the states in the corresponding band of the composite fermion (Φ CF ) system, and the actual eigenstates are accurately given by the CF wave functions in Eq. (2) or (9).
An important feature of the composite fermion approach is that the Hilbert spaces of the Φ and χ systems are of drastically different sizes. This is most easily seen for a finite number of electrons: the Hilbert space of the Φ system is infinite, since all LL's are allowed, while that of the χ system is finite, since only the lowest LL is allowed. Therefore, it is not possible, even in principle, for all bands of the Φ system to be analogous to the bands of the χ system. On the other hand, by construction, the Hilbert space of the Φ CF system is identical to that of the χ system. Therefore, the analogy between the χ and the Φ CF systems can be expected to be more general. It was found earlier [10] , that the lowest bands of the three systems are indeed analogous in a wide range of filling factors: i.e., they have the same number of states, with identical quantum numbers. This was a remarkable result,
showing that the low-energy dynamics of interacting electrons at S is similar to that of non-interacting electrons at S * . In the present work, we extend this result to higher bands.
We have studied four systems with (N, S) = (6,7.5), (7, 9) , (8,8.5) , (6, 8) . The first two represent the state at ν = 1/3, the third lies somewhere between 1/3 and 2/5, and the fourth has ν > 1/3. The exact (Coulomb) low-energy spectra of these systems are shown in Figs.
1-4 (a).
There is a clearly defined lowest band. The second bands can also be identified rather easily. The third and higher bands are broad, mix with other bands, and are only poorly defined.
The spectra of the corresponding non-interacting electrons (the Φ system) at (N, S * ) = (6,2.5), (7, 3) linearly independent in general. We construct an orthogonal basis using the Gramm-Schmid procedure, which is smaller than the (Φ) basis we started with.
(iv) Consider states produced in this way at a given L. They contain all states of the lower bands at that L, i.e., the states in the lower band can be exactly expressed as a linear combination of the states thus produced. We construct a still smaller basis, which is orthogonal to the lower band CF states, and identify it with the second band of the CF system. to the χ sub-basis. Other than the fact that the generalized overlap gives a single measure of the similarity between two bases, it also has the advantage that its calculation does not require any diagonalization. It is given by
where the states Φ j and χ j are the properly orthonormalized states of the two sub-bases.
The (generalized) overlaps are shown on the figures themselves ( See Figs. 1b-4b ). They are generally close to unity, indicating the microscopic validity of the CF description for higher bands.
The above discussion gives rules for constructing the bases for successive bands of interacting electrons using the CF framework. For all four systems studied above, the bases constructed in this manner provide a systematic description of the energy spectra of interacting electrons. We believe that these rules are of quite general validity in the range of filling factors where the composite fermion description is applicable for the lowest band.
We would like to emphasize that there is no a priori reason for expecting cancellations in going from the electron system (Φ) to the CF system (Φ CF ). Of course, since the Hilbert space of the latter is smaller than that of the former, eventually, for much higher bands, such cancellations are inevitable. However, the lowest two or three bands of the systems studied above cover only a small part of the full Hilbert space of the Φ CF system. Thus, it is rather non-trivial that seemingly distinct trial wave functions, constructed from orthogonal Φ states, quite frequently turn out to be mathematically linearly dependent. This shows that the CF trial wave functions possess certain non-trivial mathematical symmetries. A formal appreciation of these symmetries will require a better understanding of the projection operator. In order to describe the thermodynamics of the FQHE state, it would be quite useful to have some general understanding of how many states are eliminated in going from the Φ system to the Φ CF system.
It should also be clear that the reduction in the number of states in the CF transformation is not a finite size effect. Even though our systems are small, the number of states in the first three bands is only a small fraction of the total number of states.
IV. COLLECTIVE MODES OF COMPOSITE FERMIONS
For incompressible states, the second band contains precisely one multiplet at each L in a certain range of L (see, e.g., Figs. 1 and 2 ). This will be called the collective mode branch (also known as the exciton or the plasmon branch). The angular momentum L is roughly proportional to the momentum q of the planar geometry [16] .
In the usual three dimensional electron gas systems, when the density operator (ρ q ) acts on the ground state, it creates (for small q) a state whose oscillator strength is sharply peaked at some energy. It is called, for obvious reason, the "collective mode". A single mode approximation (SMA) assumes that the peak is a delta function. Soon after Laughlin's theory of the ground state at ν = 1/(2m + 1), Girvin, MacDonald and Platzman (GMP) [21] developed an SMA theory for the collective modes of the Laughlin states. Straightforwardly extending it to general fractions, the GMP wave function for the collective mode of the ν = n/(2n + 1) state is constructed by applying the projected electron density operator to the ground state as
where Φ CF n = PDΦ n is the ground state at ν = n/(2n + 1), and
is the density operator at L. It has been shown that this wave function provides a good description of the low-and intermediate-L states at ν = 1/3, as shown in Table I . It, however, fails at large L. It also does not work as satisfactorily at other fractions [22, 23] .
The low-energy excitations of the FQHE state are described in terms of composite fermions, rather than electrons. Therefore, it might seem reasonable to consider collective modes of composite fermions. (Since an excited composite fermion is a quasielectron, this could also be called a collective mode of quasielectrons. Similar suggestions have been made in the past. See, for example [24] .) In contrast to Eq. (12), which gives the collective mode of electrons, the collective mode of composite fermions of the ν = n/(2n + 1) state is constructed by applying the CF transformation on the collective mode state at ν * = n [25] .
Its wave function is given by
where ρ L (n → n + 1) creates the "fundamental" collective mode at ν * = n, which involves excitation of one electron from the nth LL to the (n + 1) st LL. First we note that the collective mode branch in the exact diagonalization study has maximum L consistent with the prediction of the CF theory. The range of the collective mode branch is predicted correctly by the CF theory for 3/7 state as well; for spectra, see
Refs. [23, 26] . The electron (i.e., GMP) collective mode, on the other hand, is defined upto much higher values of L. Table I shows that Eq. (14) Eq. (14) gives the wave function of the collective mode in which one composite fermion is excited from the topmost filled quasi-LL to the lowest empty quasi-LL. One may wonder if there are more collective modes of composite fermions, corresponding to excitations of composite fermions across two or more quasi-LL's. Analogous modes indeed exist for electrons in the IQHE regime [25] . In order to investigate this question for ν = 1/3, we construct states PDρ
We find that for L = 2 and 3, these are mathematically identical for systems with N = 4, 5, 6, and 7, and presumably for arbitrary number of electrons. (Note that there is no L = 2 state for the 1 → 4 excitation.) The total number of states is fairly large for L = 2 and 3, and therefore the fact that the various composite particle-hole states are identical is rather non-trivial.
For L = 4 and 5, the various composite fermion modes are not identical, but they still have a reasonably good overlap with the 1 → 2 state. These results suggest that there is only one collective mode of composite fermions, despite the fact that there are several in the electron system Φ. This is a striking example of the breakdown of a one-to-one correspondence in the higher bands of Φ and Φ CF .
It might be argued that our conclusion regarding the number of collective modes might not remain true in the presence of a small amount of LL mixing, always present in experiment. In this case, it would seem natural not to project the composite fermion states on to the lowest LL, so they would not be identical. However, clearly, the unprojected composite fermion states will simply provide different approximations for the same collective mode. The essential point, quite obvious on physical grounds, is that the intra-LL spectrum of interacting electrons, or the number of intra-LL collective modes, cannot change in any essential manner when a small amount of LL mixing is allowed. Therefore, our conclusion, obtained with the lowest LL approximation, should remain valid for the more realistic situation of a large though not infinite B.
At small L, the CF description of the collective mode branch of the 1/3 state is not as good as at higher L. The relatively poor performance of the CF theory may be attributed to the fact that the collective mode branch is coming close to the higher bands; the exact state mixes with higher band states to reduce its energy, whereas any such mixing is neglected in the CF approach. For 2/5, the description becomes worst at intermediate values of L,
where the collective mode is the closest to the higher bands.
It is intuitively reasonable that, for small L, the collective mode can be thought of either as a mode of electrons or as a mode of composite fermions, since small (relative) displacements of composite fermions are indistinguishable from small displacements of electrons. This is supported by the fact that both the CF and the GMP theories provide reasonable descriptions of the true collective mode for small L, both for 1/3 and 2/5. (For the 1/3 state, the GMP theory does slightly better than the CF theory for small L. Also note that the L = 1 state is annihilated by the projection operator in both schemes. We note that the work of Reynolds and d'Ambrumenil [23] also finds that the SMA works quite well at small q for 2/5 and 3/7.) This suggests that there is one and only one well-defined electron collective mode for all incompressible states in the limit of small q.
Raman experiments observe collective mode at small wave vectors, where it may be interpreted as either an electron or a composite fermion collective mode. Pinczuk et al. [18] have reported observation of the collective mode of the 1/3 state in Raman experiments. No collective modes have yet been observed at other fractions. Recently [27] , a broad secondary peak has also been observed at finite wave vectors at ν = 1/3; we believe that this is an observation of the third band of composite fermions. Chen and Quinn [28] have suggested that the appearance of double peaks in photoluminescence experiments [17] is also due to the formation of bands, explained naturally within the CF framework.
V. COMPARISON WITH CHERN-SIMONS THEORY
Our few electron calculations have shown that the CF-wave-function scheme is qualitatively and quantitatively trustworthy, not only for the low-energy physics but also for the excitations. With further improvements in techniques for handling the projection operator for bigger systems, the CF-wave-function scheme should provide good quantitative approximations for various quantities in the thermodynamic limit.
The CF wave functions were motivated by a physical picture in which an even number of flux quanta are attached to each electron of Φ and then the flux is smeared to obtain electrons at a new magnetic field [1] . A Chern-Simons (CS) field-theoretical scheme has also been developed based on this picture [29, 8] . In this scheme, the χ system of interacting electrons at ν is mapped on to the Φ system of non-interacting electrons at ν * at the meanfield level. Fluctuations about the mean-field state are then treated perturbatively, usually at the random-phase-approximation (RPA) level [29, 8] . In spite of the fact that both the wave-function and CS approaches are guided by the same physics, the precise relationship between them is not known. It has been asserted [29] that RPA is equivalent to multiplication by the Jastrow factor, but no proof exists.
The main implication of our results for the CF-CS scheme is that understanding of excitations in this scheme is likely to be a rather subtle and complicated issue. As stated above, the CF-CS theory proposes to approach the χ system perturbatively starting from the Φ system. However, the Φ system has the 'correct' number of states only in the lowest band; many states in the higher bands of this system are 'unphysical' in the sense that they do not have any analog in the χ system (some are annihilated upon the CF transformation, while some produce states of the lower bands). It is not understood at present how perturbation theory starting from the Φ system will get rid of the spurious unphysical states and avoid or overcounting. This is illustrated in the investigation of the collective modes using the Chern-Simons RPA approach [30, 26] . It finds a series of electron collective modes for all incompressible states, including the Laughlin states. These are analogous to the electron collective modes at integer fillings. Another feature of the CF-CS approach is that the "fundamental" inter-LL mode of the ν * = n state (i.e., the mode with energyhω c , which corresponds to n → n + 1 electron-hole excitation) does not produce any mode at ν = n/(2n + 1); it is pushed up to the cyclotron energy [29] . This is actually crucial in recovering the Kohn's theorem at ν. Thus, the lowest energy electron collective mode at ν is expected to correspond to the 2hω c collective mode of the ν * = n state. (Lee and Wen [31] have also made a similar suggestion in order to explain the absence of the L = 1 state of the collective mode.) These results seem to be inconsistent with our study, where several collective modes of the IQHE state are found to map into a single collective mode of the FQHE state (at least for small wave vectors), and the entire collective mode of the FQHE state is well described as the fundamental mode of composite fermions.
Our study also has consequences for the nature of the compressible state at ν = 1/2. To understand this, let us approach the 1/2 state as the n → ∞ limit of the n/(2n+1) sequence of incompressible FQHE states. Let us assume that the CF description continues to remain valid for arbitrarily large n (which is unfortunately not testable in finite system studies).
Then, one would expect the ground state to correspond to n filled LL's of electrons, but the excitations do not have a one-to-one correspondence with the excitations of the noninteracting electron state at ν * = n. In the FQHE regime, these excitations are separated by a gap, and do not have much influence on the low-energy physics of the problem. However, the gap vanishes in the limit n → ∞, as the sequence approaches ν = 1/2. Two comments pertaining to this limit may be made in light of the results obtained above. (i) Since infinite filled Landau levels is nothing but a Fermi sea, the ground state of interacting electrons at ν = 1/2 is likely to resemble a Fermi sea of composite fermions with a well defined Fermi surface, as proposed by Halperin, Lee, and Read [8] . Recent experiments lend strong support to the existence of a Fermi sea at ν = 1/2 [9] . (ii) However, the excitations of the 1/2 system do not have a one-to-one correspondence with the excitations of non-interacting electrons at zero magnetic field. Therefore, despite the existence of the Fermi surface, the ν = 1/2 state is not a conventional Landau Fermi liquid in the sense of state counting.
This conclusion may seem inconsistent with that of Rezayi and Read [13] , who recently attempted an investigation of the 1/2 state by finite size numerical study. They considered electron systems at S = N − 1, which map onto CF systems at zero effective flux (S * = 0), and found that the lowest band is well described in terms of the CF theory, in agreement with earlier results [10] . This was interpreted as a confirmation of the idea that the 1/2 state is a Fermi liquid. However, this study only deals with an 'atom' of composite fermions at zero flux, which is, of course, not a Fermi liquid. (Here the 'atom' has the special feature that electrons are constrained to move on a spherical surface.) Approaching a Fermi liquid from the atomic limit is rather subtle. To see this, take the limit N → ∞ while keeping the density fixed. The kinetic energy gap between successive angular momentum shells vanishes as 1/ √ N and the band structure is completely destroyed in this limit. Let us consider the situation when the kinetic energy gap is very small (say, compared to the interaction bandwidth) but non-zero. The low-energy excitations now consist of not only the excitations within the lowest angular momentum shell, but also excitations across several shells. The crucial point is that all these excitations are needed to produce a conventional Fermi liquid.
Therefore, in order to prove the existence of a conventional Fermi liquid at ν = 1/2, it is necessary to establish a one-to-one correspondence between all such (low-energy) excitations, which, as shown in the present work, does not exist [32] .
While our study cautions against too literal an interpretation of the 1/2 state as a Fermi liquid, it does show that it is at least related to a Fermi liquid, and has a ground state that is likely a filled Fermi sea. Therefore, it is quite possible that eventually a Fermiliquid-like description with renormalized parameters will prove sufficient. We believe that the origin of the qualitatively different predictions of the CF-wave-function and the CF-CS approaches lies in the fact that no natural way is known of incorporating the large B limit, or of implementing the lowest LL constraint in CS approach. This is indicated by the fact that the final formulas of the CS theory explicitly contain the band mass of the electron, which is not a parameter in a lowest LL theory.
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APPENDIX Coulomb interaction
We will not need the explicit form of the monopole harmonics. Their following properties will be sufficient for our purposes.
where S ′′ = S + S ′ and m ′′ = m + m ′ . Thus, the product of two spherical harmonics at S and S ′ produces a linear combination of spherical harmonics at S + S ′ .
provided S 1 + S 2 + S 3 = 0 = m 1 + m 2 + m 3 . Here, dΩ is the integral over the angular variables.
The coulomb matrix elements can be easily evaluated using the properties of the monopole harmonics. The two-body matrix element is given by
The chord-distance between two electrons on sphere can be expressed as:
With this substitution, the two integrals decouple and can be evaluated straightforwardly.
Projection
The projected wave functions can be expressed as
where Φ 1 is the Slater determinant wave function of the lowest filled LL at S 1 = (N − 1)/2, Φ S * is the Slater determinant wave function at S * , and the S of the product state is given by S = 2S 1 + S * . M j label z-components of the single particle angular momentum L = S, restricted to the range −S ≤ M ≤ S; they satisfy the restrictions M 1 < M 2 < ... < M N and j M j = 0, the latter because we restrict to the L z = 0 subspace. Our objective is to determine the coefficients c[{M j }]. The basic ingredient is the formula for projection of the product of two single particle eigenstates: we go over each term in the expansion of the Slater determinant Φ S * and search for those values of {m j } which will provide the correct {M j }. Then it is a matter of complicated book-keeping to obtain the coefficient of |M 1 , ...M N >. In general, the eigenstates of L in the Φ system are linear combinations of many Slater determinants; to obtain the projection of this state, we compute the projection for each Slater determinant as above and add the projected states with the appropriate coefficients. For further details, we refer the reader to
Ref. [33] . 
